It is shown that all 3-body quantal integrable systems that emerge in the Hamiltonian reduction method possess the same hidden algebraic structure. All of them are given by a second degree polynomial in generators of an infinite-dimensional Lie algebra of differential operators. † On leave of absence from the
and rewriting the resulting operator in the coordinates (5), we get the following differential operator with polynomial coefficients, 
It can be called the algebraic form of A 2 Calogero model. Following the philosophy of (quasi)-exact-solvability (see [5] ) let us try to find the hidden algebra of (1) as an origin of solvability of this model. It can be shown that the operator (7) can be rewritten in terms of the generators of some infinite-dimensional Lie algebra of differential operators generated by the eight operators
where the numbers in brackets (a 1 , a 2 ) mean the grading of the generator, A : λ
. This algebra was introduced at the first time in [4] and was called there g (2) . The first seven generators L i form the gl 2 ⋉ R 3 -algebra. If n is a non-negative integer number, the finite-dimensional irreducible representation (8) appears with the invariant subspace
The generators of the gl 2 ⋉ R 3 -algebra, L 1 , . . . L 7 , act on W n reducibly, having the invariant subspacẽ
It is worth mentioning that at n = 0 the gl 2 ⋉R 3 -algebra becomes the algebra of vector fields, which act on 2-Hirzebruch surface, Σ 2 and the modules are the sections of holomorphic line bundles over this surface (see [6] and references therein). Finally, when the operator (7) is written in terms of the generators (8) it becomes,
where the parameter n is equal to zero, n = 0. This is called the Lie-algebraic form of the Calogero model. The representation (11) contains the generators of the Borel subalgebra of gl 2 ⋉ R 3 -algebra only, preserving the infinite flag of finite-dimensional representation spaces W n as well as the infinite flag of W n , which proves the exact-solvability of the A 2 Calogero model. It is worth noting that when the configuration space of (1) is parametrized by the τ -coordinates (4) the gauge-rotated Hamiltonian (6) can be rewritten in terms of the generators of the gl(3)-algebra [3] . So the Calogero model possesses two different hidden algebras, g(2) and gl(3) acting on the configuration space in two different parametrizations.
2.
A 2 integrable system (trigonometric case).
The Hamiltonian of the three-body Sutherland model, or in other words, the trigonometric A 2 integrable model is defined by [1] 
where
is the coupling constant. The ground state of this Hamiltonian is
To exhibit the dynamics of the system, we can introduce the translationinvariant, permutation-symmetric, periodic coordinates, either [3] 
or [4] 
In the limit α → 0, these coordinates become (4) or (5), respectively. The coordinates (15) are symmetric with respect to x → −x, σ 1,2 (−x) = σ 1,2 (x). Performing the gauge rotation of the Hamiltonian (12) (see (6) ) and extracting the center-of-mass motion, we get the algebraic form of the Hamiltonian of the Suthurland model
(cf. (7)). This operator can be represented in terms of the generators of the algebra g (2) with n = 0 and λ 1 , λ 2 replaced by σ 1 , σ 2 , respectively,
This is the Lie-algebraic form of the Sutherland Hamiltonian. It contains the generators of the Borel subalgebra of gl 2 ⋉ R 3 -algebra and as well as the generator T . In the limit α → 0 the operator (17) coincides with the operator (11) at ω = 0. It is worth noting that in the η-coordinates (14) the gauge-rotated Sutherland Hamiltonian (16) can be rewritten in terms of the generators of the gl(3)-algebra [3] . So, the Sutherland Hamiltonian similarly to the Calogero one possesses two different hidden algebras: a g (2) algebra acting on the configuration space parametrized by σ-coordinates and a gl(3)-algebra acting on the configuration space parametrized by η-coordinates.
BC 2 integrable system (rational case).
The Hamiltonians of the BC 2 , B 2 , C 2 rational models do coincide and they are given by (see [1] )
where g = ν(ν − 1) and g 2 = ν 2 (ν 2 − 1). When the coupling constant g 2 tends to zero the Hamiltonian H (r) BC 2
degenerates to the Hamiltonian of the D 2 rational model. This Hamiltonian can be treated as the Hamiltonian of the relative motion of some 3-body problem with non-identical particles (for a discussion see [4] ).
The ground state eigenfunction of the Hamiltonian (18) is given by
(cf. (2)). In order to encode the permutation symmetry x i ↔ x j and the reflection symmetry x i → −x i of the Hamiltonian (18), we introduce the coordinates [7] σ
Now we perform the gauge rotation of (18) with ground state eigenfunction (19) (see (6) ). Eventually, in theσ coordinates the gauge-rotated BC 2 rational Hamiltonian takes its algebraic form,
This operator can be rewritten in terms of the gl 2 ⋉ R 3 -algebra generators as
which is the Lie-algebraic form of BC 2 rational model. It contains the generators of the Borel subalgebra of gl 2 ⋉ R 3 -algebra only. The eigenvalues of h
are given by
It is worth noting that unlike the A 2 cases (see Sections 1, 2) the gaugerotated Hamiltonian (18) inσ-coordinates allows the representation either in terms of the generators of the g (2) algebra or the generators of the gl(3)-algebra [7] .
BC 2 integrable system (trigonometric case).
The Hamiltonians for B 2 , C 2 and D 2 trigonometric models are special cases of the general BC 2 Hamiltonian [1]
where g = ν(ν − 1), g 2 = ν 2 (ν 2 − 1) and g 3 = ν 3 (ν 3 + 2ν 2 − 1). From the general Hamiltonian the B 2 , C 2 and D 2 cases are obtained as follows:
The Hamiltonian (23) can be treated as the Hamiltonian of the relative motion of a three-body problem with non-identical particles (see [4] ).
The ground state wave function is [1, 8] 
In order to reveal both the permutation and reflection symmetry and the periodicity of (23), let us introduce the coordinates η 1 (α) = cos αx 1 + cos αx 2 , η 2 (α) = cos αx 1 cos αx 2 , and a modification of the them
In the limit α → 0 theη's became theσ's (see (20)). Performing a gauge rotation of the Hamiltonian (23) with the ground state eigenfunction (24) (see (6) ) and then changing the coordinates to theη coordinates, we get the algebraic form of the BC 2 trigonometric Hamiltonian,
If ν 3 = 1 and α → 0 we arrive at (21). The operator (26) can be rewritten in terms of the g (2) -algebra generators,
which is the Lie-algebraic form of the BC 2 trigonometric Hamiltonian.
The eigenvalues of h
The limit α → 0 makes no sense since there are no polynomial eigenfunctions of the operator (26) in this limit. It is worth noting that unlike the A 2 models the gauge-rotated Hamiltonian (26) inη-coordinates can be rewritten in terms of the generators of the g (2) algebra as well as the gl(3)-algebra [7] .
G 2 integrable system (rational case).
The rational G 2 Hamiltonian describes a three-body system of the identical particles with two-and three-body interactions
where g = ν(ν−1) > − are the coupling constants associated with the two-body and three-body interactions, respectively. The ground-state eigenfunction is given by
where ∆ (r) (x) = 3 i<j |x i − x j | and ∆ (r)
1 (x) = i<j; i,j =k |x i + x j − 2x k |. The result of a gauge rotation of the Hamiltonian (29) with the ground state eigenfunction (30) (see (6) ) can be written in terms of the coordinates λ 1 , λ 2 given by (5) . Thus,
(cf. (7)). It is quite amazing that the difference between (7) and (31) is only in replacement µ → (µ + ν). This is the algebraic form of the rational G 2 model, which admits a representation in terms of the generators of the algebra g (2) at n = 0,
(cf. (11)). Equation (32) is the g (2) Lie-algebraic form of the rational G 2 model. This form depends on the generators of the gl 2 ⋉R 3 -subalgebra only. This implies that (32) possesses two invariant subspaces, W n andW n (see (9) - (10)). Thus we are led to the conclusion that there exists a family of eigenfunctions depending only on the variable λ 1 . In fact this property was already known both for the present model [9] as well as for the general manybody Calogero model. It was used in [10] to construct quasi-exactly-solvable deformation of the general Calogero model. It is worth noting that in the τ -coordinates (4) the gauge-rotated G 2 rational Hamiltonian (29) can be rewritten in terms of the generators of the gl(3)-algebra [4] . Thus this Hamiltonian possesses two different hidden algebras: a g (2) algebra acting on the configuration space parametrized by the λ coordinates and a gl(3)-algebra acting on the configuration space parametrized by the τ coordinates.
G 2 integrable system (trigonometric case).
The Hamiltonian for the trigonometric G 2 model has the form
are the coupling constants associated with the two-body and three-body interactions, respectively. From the physical point of view (33) describes a system of three identical particles. The ground-state eigenfunction is given by
where ∆ (trig) (x), ∆ (trig) 1 (x) are the trigonometric analogies of the Vandermonde determinant and are defined by
Let us introduce the permutation-symmetric, translation-invariant, periodic coordinates:
In these coordinates the trigonometric G 2 Hamiltonian, gauge-rotated with the ground state eigenfunction (34) (see (6) with the factor (
This is the algebraic form of the trigonometric G 2 model and h
can be written in terms of the generators of the algebra g (2) containing both the generators of gl 2 ⋉ R 3 and the generator T . The explicit expression is given by
and it is easy to check that it is indeed a triangular operator. Evidently this operator can be rewritten in terms of the g (2) -generators as
Using either of the above representations, the energy levels of the Hamiltonian H G 2 can be easily found and are given by − E n,m = (n − 2m − 1)(n + m + 1) + 3nµ + 2(2n − m)ν + 1 α 2 ,
where n and m are quantum numbers, n = 0, 1, 2, 3, . . . ,
We would like to emphasize that unlike the rational and trigonometric A 2 , BC 2 and rational G 2 Hamiltonians, the trigonometric G 2 Hamiltonian has the only one hidden algebra g (2) . As a general conclusion we would like to stress that all three-body integrable quantal systems originating from the Hamiltonian reduction method, but with arbitrary coupling constants, possess the same hidden algebra g (2) . Generically, the orthogonal polynomials in two variables associated the eigenfunctions of A 2 − BC 2 − G 2 integrable models do not appear in Krall-Sheffer classification scheme of 2d orthogonal polynomials (see, for example, [11] ).
